CERN-TH/99-412 



Macroscopic Interference Effects in 
Resonant Cavities 

Bo-Sture K. Skagerstam^"'^ Bj0rn A. BergsjordetQ'"^ 
Per K. RekdalQ'" 

" Department of Physics, The Norwegian University of Science and 
Technology, N-7491 Trondheim, Norway 
^ CERN, TH-Division, CH-1211 Geneva 23, Switzerland 

Abstract 

We investigate the possibility of interference effects induced by a macroscopic 
quantum-mechanical superposition of almost orthogonal coherent states - a 
Schrodinger cat state - in a resonant microcavity. Despite the fact that a 
single atom, used as a probe of the cat state, on the average only change 
the mean number of photons by one unit, we show that this single atom can 
change the system drastically. Interference between the initial and almost 
orthogonal macroscopic quantum states of the radiation field can now take 
place. Dissipation under current experimental conditions is taken into account 
and it is found that this does not necessarily change the interference effects 
dramatically. 
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1 INTRODUCTION 



Superpositions of orthogonal states which exhibits macroscopic features appear to be 
of fundamental importance in recent studies of the foundations of quantum mechanics 
(see e.g. Ref.[jl], and references cited therein). As was noticed by Schrodinger 0], a 
direct extrapolation of the calculational rules of quantum mechanics to macroscopic sys- 
tems would lead to the appearance of quantum-mechanical interference effects of classical 
objects like a living and a dead organism. We have overwhelming empirical evidence that 
such macroscopic interferences are rare or absent in the real world. It can actually be 
argued that such quantum mechanical macroscopic superpositions decay with a very short 
life-time due to environment-induced decoherence [Q. 

Resonant microcavities can be used to study the behaviour of mesoscopic superpo- 
sitions coherent states. In order to be specific we will, as an initial state of the cavity 
radiation field, consider a superposition of coherent states as an example of a Schrodinger 
"cat" state. The non-dissipative dynamics of the atom-photon interaction, to be described 
below, is assumed to be described by the Jaynes-Cummings (JC) model f^. In terms of 
conventional coherent states 1^;) parameterised in terms of a complex number z (see e.g. 
Refs.[§]), this Schrodinger cat state has the following form 

z)^e'^\-z)) . (1) 



' (2 + 2cos0exp(-2|^|2))i/2 

Such states have been studied in great detail in the literature (see e.g. Refs. 0, [0- 
TB[|). It can be shown that the results presented below do not crucially depend of the 



form of the initial cavity state. The essential ingredient is that the overlap probability 
\{z\ — = exp(— 2|2;p) is a sufficiently small number. In our case we will for example 
consider examples with an average number of photons n = l^;^ = 49 and therefore — 
z)\'^ ~ 10~^^, indeed a very small number. 

The micromaser system [|1^ is an experimental realisation of the idealised system of 
a two-level atom interacting with a second quantized single-mode of the electro-magnetic 
field (for reviews and references see e.g. |15[). The microlaser [|16[ is the counterpart in the 
optical regime. Trapping states [|1^ - |2y] have recently been generated in the stationary 
state of the micromaser system and therefore the generation of Schrodinger cat states 
in such a system may be feasible [^. In resonant cavities other possibilities also exist 



22] in which case decoherence actually has been studied experimentally. Schrodinger cat 



states have also been studied experimentally in other systems like in atomic systems 
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and in ion-traps [E3]. Related revival phenomena has also been studied for Bose-Einstein 



condensates 25 



We assume that the atoms which enter the microcavity one at a time, are all prepared 
in the excited state. Each atom spends a time t in the microcavity interacting with the 
radiation field. It then leaves the microcavity and the state of the atom is measured. Let 
Vsi{t) be the probability that an atom is found in the state Si = ±, where +(— ) denotes 
the excited(ground) state, after it leaves the microcavity. Similarly, let VsiS2if) be the 
probability that the next atom is in the state S2 = ± if the previous atom has been found 
in the state Si. Vs^{t) exhibits well known revivals (see e.g. Refs.|p6||), which has been 
observed experimentally in microcavity systems [^, ^] and in ion-traps p4|. Vs^s^A^) 
exhibits in addition so called pre- revivals pOf. In the upper figure of Fig.^ such revivals 
{gtrev ~ 2Ti\/n) and prerevivals {gt^.^.^ ^ T^^/n) are illustrated for a mesoscopic coherent 
state with n = 49, using the physical cavity parameters of Ref . ||3CI|| . Damping effects at a 
non-zero temperature, to be discussed below, are included in Fig.|I|. In the lower figure of 
Fig.|I| we exhibit the same probabilities but for an even, i.e. = 0, Schrodinger cat state 
with n ^ 49 and we observe new clear revival phenomena. 

It is possible to give a simple physical explanation of these additional revivals, which 
occur approximately at half of the revival and prerevival times of a coherent state with 
the same mean- value of photons |^T|. It is known that the JC-model has the property 
that with an initial coherent state of the radiation field, one reaches a pure atomic state 



at gt ^ gtrevf^, independent of the initial atomic state ||32|. The coherent states \z) and 
I — z) used in the construction of the Schrodinger cat state Eq.(P are approximately 
orthogonal. These states will then, as independent states, lead to the same atomic state 
at gt ~ gtrev up to a phase and a quantum- mechanical interference pattern will emerge 
due to the evolution of different "paths" to the same final state. The states \z) and | — z) 
of the radiation field therefore, in a sense , describe an atomic interferometer. As we will 
argue below, this interferometer is actually quantum-mechanical since the interference 
pattern depends on the relative phase of the Schrodinger cat state Eq.(|l|). 

We therefore have the interesting situation of a superposition of "macroscopic" states, 
which can be interpreted as a classical interferometer for atoms, and where, in addition, 
the different "classical slits" of the interferometer interfere quantum- mechanically. With 
an increasing number of photons in the cavity this interference vanishes rapidly. In fact, 
if tcav is the decay time of the cavity, decoherence effects will be operative on a time-scale 
td ~ tcav/n{l + rib), which for rib = agrees with a known result |^. If n is to small 
revival phenomena will, on the other hand, not be very pronounced. We will argue below 
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that for a realistic experimental situation one can choose a time scale t, such that t ^ td, 
and an average number of photons n for which the interference effect above still should 
be realisable in the laboratory. 

The present paper is organised as follows. In Section ^ we recapitulate, for the con- 
venience of the reader and in order to define the notation used in the present paper, the 
basic ingredients in the JC-model. The effect of cavity damping on Vg^if) and Vs^s-zif) is 
discussed in Section ^ extending the analysis of Refs.0-p| to a small and non-zero rih. 
In Section ^ we summarise our results together with some final remarks. Some equations 
used in the main text are summarised in an Appendix. 



The electro-magnetic interaction between a two- level atom, with level separation i^o, 
and a single mode of the radiation field in a cavity with frequency uj is described, in the 



where the coupling constant g is proportional to the dipole matrix element of the atomic 
transition. Here we make use of the Pauli matrices to describe the two-level atom and 
the notation a± = {ax ± i(jy)/2. The second-quantized single mode electro-magnetic field 
is described in a conventional manner by means of an annihilation (creation) operator a 
(a*), where we have suppressed the cavity mode quantum numbers. For (7 = the atom- 
field states |n, s) = \n) ® \s) are characterised by the quantum number n = 0, 1, ... of the 
oscillator and s = ± for the atomic levels with energies -En,± = ±u!q/2. At resonance 
u = Uq the levels \n — 1, +) and |n, — ) are degenerate for n > 1 (except for the ground 
state n = 0), but this degeneracy is lifted by the interaction. For an arbitrary coupling g 
and detuning parameter Auj = ujq — uj the system reduces to a 2 x 2 eigenvalue problem, 
which may be trivially solved The result, which describe the entangled system of an 
atom and the radiation field, is that two new dressed levels, |n, 1) and \n, 2), are formed 
as superpositions of the previously degenerate ones at resonance according to 



2 THE DYNAMICAL SYSTEM 



rotating wave approximation, by the JC Hamiltonian ^ 




(2) 



cos^„|n + 1, -) + sin^„|n, +) , 



(3) 



sin6'„|n + 1, — ) + cos6'„|n, +) , 



(4) 
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Figure 1: The upper figure shows the revival probabilities V+{t) and 'P++(t) for 
(C) a coherent state \z) with a mean number nc = \z'\^ = 49 of photons as a function 
of the atomic passage time gt. The lower figure shows the same revival probabilities 
for [SC) an even, i.e. (/> = 0, Schrodinger cat state \z;(l)) with a mean-value of 
^SC = l^;^ tanhdzp) ~ 49 of photons. Here we have used physical parameters 
K = 8.33 and a Rabi frequency g' = 36 kHz corresponding to the parameters of 
Ref.||]. 
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with energies 



= uj{n + l/2) + JAujyA + g\n + l) , (5) 



E- =uj{n + l/2)-^AL0^/A + g^{n + l) , (6) 

respectively. The ground-state of the coupled system is given by \ipo) = |0, — ) with energy 
Eq = —ujq/2. Here the mixing angle On is given by 



tan6^„ = . . (7) 

Acj + JAcj2 + 4,g2{n + 1) 



The interaction therefore leads to a separation in energy AEn = y Acj^ + Ag'^{n + 1) for 
the quantum number n. The system performs Rabi oscillations with the corresponding 
frequency between the original, unperturbed states. The two-level atoms which enter the 
cavity are assumed to be prepared in the excited state, i.e. the density matrix is of the 
diagonal form 



Pa 



1 


The initial density matrix pc of the cavity radiation field is determined by the Schrodinger 
cat state Eq.(|l|). 

The damping of the cavity is described by a conventional master equation (see e.g. 
Refs. [p^, 0), i.e. if p is the density matrix of the combined atom- field system we have 
that 

= i[p, H] — K^n^ + l){a* ap + pa* a — 2apa*) — Kn[)[aa* p + paa* ~ 2a* pa) , (9) 

where rib is the average occupation number of thermalized cavity photons at the oscillator 
frequency and 2k = l/t^av is the decay constant of the cavity. 



3 INTERFERENCE EFFECTS 

We now define 

W{t) = e'^V(i)e"'^* , (10) 
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which allows us to write the equations for the diagonal elements of Eq. in the form 
given in the Appendix. By introducing 



F„ ^ F4t) = {^:\W{tM) + {^~\Wm~) , (11) 
for n > and the ground-state expectation value 

F_i=F_i(t)=2(^o|W^(t)|V'o) , (12) 

and by omitting rapidly oscillating terms valid under the assumption -C k [0, the 
equations of motion can be considerably simplified. We obtain 

dF (t) 

Fn = — ^ = -«nFn + PnFn+l + lnFn-1 , (13) 

at 



where we have defined 



Otr. 



2k ( 2nb{n + 1) + n + ^ 



(5n = 2K{n, + l){n+^) , (14) 
1 

7„ = 2Knb{n + -) , 



for n > 0, and where 



a-i = 2Kni, , 

/3_i = 2/€(n, + l) , (15) 
7-1 = 0. 

We observe that a„ — Pn-i — 7n+i = if n > 1 and ao — — 71 = —P-i/2. In order 
to find an approximate solution of Eq. ([T3|) , valid for sufficiently small rib, we proceed 
as follows. For sufficiently large but finite n = N, we put F^^-^ = as in Ref. 0. In 
addition we make use of the approximation 7„F*_^ ~ InF* for all < . With these 
approximations the equation of motion for n = is 

F*^ = (-«7V + 1n)F;, = -a'^F*^ , (16) 

with the simple solution 

F^(t) = F^(0)e-°W*. (17) 
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Next, we solve the equation 

Fn-1 = — ajv-i-^AT-i + Pn~iF^ , (18) 
i.e. by making use of Eq.(p!7D 

F*^_, + = -/9jv-i«^e-"^-i*F^(0) . (19) 

As one easily can verify, the solution of this equation is 



^^-i(0) + , ^"^'^ , ( e(-'iv-i-W)* _ 1 ) F*^{0) 1 . (20) 



Q^TV— 1 '-^A' 



Iteration of the previous procedure leads to the approximative solution 



P* ^ g-2Kt[(n+i){n6+l)+n6] y> + 2)' i} 



-2Ki(ni,+l) 



3~n 



-Pj , (21) 



valid for n > 0. Here is the initial photon probability distribution of the cavity radiation 
field. The approximative solution F* deviates from the exact solution Fn in a manner 
which can be expressed in terms of the right-hand side in the equation 

F: + anF: - /3„F„%i - 7nF„*_i = 7n(F: - F:_i) , (22) 

by comparing with Eq. (|13|). By performing a sum on both sides of Eq.(^) we now obtain 

N N 
n=0 n=0 

By making use of the unitarity relation Tr(p(t)) = X^Pn = 1? we can therefore find an 

n 

exphcit expression for F*^, i.e. 

such that F*]^(0) = 0. Here we observe that F*^ satisfies the following differential equation 

Fl, + a^^Fl, - P_,F* = AKUh , (25) 



by making use of Eq.(^3]). From these considerations we conclude that, when 7„ = nj, = 0, 
Eqs. (^TJ) and (|2^ ) give the exact solution to the equations of motion. With our method 
we have therefore found an approximative solution at a non-zero which is consistent 
with unitarity, as is required in quantum mechanics, and, furthermore, with a small error 



8 



when rih is sufficiently small. For the numerical results of the present paper we have 
indeed verified that the corresponding error can be neglected, at least under the condition 
as given in the end of the Appendix. In order to proceed further, we also need the result 

{^^\W{tm) = y"-%, (26) 

which is easily found from the equations of motion in the Appendix. From the explicit 



expressions for F*, FZ^ and Eg. (p6D , which are the major results of the present paper, we 
see that td — tcav/n{nb + 1), at least for sufficiently small Ub- 

Using the Eqs. (0), ( plf ) and (^) we are now able to evaluate the time evolution 
of various physical quantities. If for example the first atom is measured to be in the 
excited state at t = t^, the reduced density of the cavity radiation field is p-f{tA) = 
Tryi(p(t^) I +)(+!) = {+\p{tA)\+) ■ Within our approximations we then obtain 

1 r 



PnitA) = {n\p^{tA)\n) = - [ F^itA) + e-""*^ cos(2^t^Vn + 1) Pn\ . (27) 
The probability of finding the atom in an excited state at time t then is 

11 Af 1 

= ;t - T^-i + E o k""* cos (2gtV^) Pn] . (28) 

^ ^ n=0 ^ 

For the next atom which enters into the cavity, ^^(tA) is then used as the initial density 
of the radiation field. The probability of finding the next atom in the excited state at 
time tB, given that the first atom was in the excited state at time tA, therefore is 



Af 1 r n 



n=0 

TV (^j ^ i)! (l _ ^~2K{nt+l){tB-tA)y~'^ 

+ e-""(*^-*-^)cos(2(7(tB-tA)V^^) Pn(tA)] . (29) 
From now on we choose the atomic passage times tA and ts such that t = tA = ts — tA- 
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Figure 2: The figure shows the revival probabilities 'P+(t) (upper curves) and 
V++{t) (lower curves) for (C) a coherent state \z) and [SC) an even Scrodinger cat 
state \z,4) = 0), with a mean number Tie = \z\'^ = 3.3 and rise = I^^P tanh(|2:p) « 
3.3, respectively, of photons as a function of the atomic passage time gt. Here we 
have used physical parameters n = 2500 and a Rabi frequency g = 24 fci^z 
corresponding to the parameters of Ref. [p2| . 

4 FINAL REMARKS 



In Fig. |l] we show the revival probabilities V+{t) and V++{t) for an initial coherent 
state or a Schrodinger cat state, where the physical parameters are taken from Ref. . 
We notice that when the system initially is prepared in a Schrodinger cat state we observe 
a revival at an earlier time as compared to the case of an initial a coherent state. The first 
revival time for Schrodinger cat state is tf.^^ = where is the first revival time 

for the coherent state. Similarly, in Fig. 0, we show the same revival probabilities, but 



now the parameters are taken from Ref.p2[. Here we see only a minor difference between 



an initial Scrodinger cat state as compared to an initial coherent state. In Fig. |^ we have, 
in addition, evaluated the correlation function rjit) defined by 

= ^±±(i) _ ^_±(i), (30) 
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Figure 3: The upper figure shows the correlation function r/ as a function of 
the atomic passage time for (C) a coherent state \z) and for (SC) a Schrodinger 
cat state \z,(f) = 0) with the experimental parameters of Ref. |]30t| apart from our 
choice n = 49. The lower figure shows the same correlation functions, but with the 
parameters of Ref . . 
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such that —1 < ri(t) < 1, for an initial coherent and Schrodinger cat state respectively. 

We notice that V-+{t) + V (t) = = 1 — V+{t). Again we notice that under the 

experimental conditions of Ref.[0, with a finite but not to large ri, one is able to very 
clearly detect the revivals of a Schrodinger cat state at t^^^ by measuring the correlation 
function rj{t). 

The interference effect we have discussed above depends on the phase of the Scrodinger 
cat state. One interesting case occurs when = 7r/2 mod(7r). With regard to revivals, 
the Scrodinger cat state then behaves like a coherent state, i.e. the revival at t^g^ is now 
absent. In fact, the phase essentially only effects the first revival at gt^ev ~ vta/W. This 



is easily realised in terms of a Poisson resummation of Eq.(Bq) [35| for n ^ 1, i.e 



, 1 -2/tt(2n6(l + n)+n + 1/2) 
^ 2 



N 

(31) 



Wo{t) + H ( ^^^^) " ^v-l/2{t) COS0 



Here 

u7o(t) = e-^'^^VS cos {2gtVfi) , (32) 
describes the initial exponential decay and the various revivals are expressed in terms of 

^^^'^=^(W)W2P'°H^"4J ' 

where, in our case, 

— 

p{n) = --e-"^ . (34) 
nl 

In Eq.(pi|) only a leading effect of damping is taken into account in that F^i ~ 2(1 — 
^—2Knbt^^ vaild for an <^ g- Numerically Eg. ([3T|) with = 3 is e.g. sufficient to describe 
V^^it) of Fig.|l] very accurately. 

We therefore conclude that the two, almost orthogonal, coherent states 1^;) and | — z) 
of the Scrodinger cat state Eq.(|l|), both with a large average number of photons, can act 
like an "interferometer" for the atoms with regard to the revival at, e.g., t = t^^^. Due to 
the interaction of the atoms with the radiation field of the cavity, which only changes the 
average number of photons by a small amount, an interference of the "classical states" 
corresponding to the quantum coherent states 1^) and | — z) is, in addition, induced. In 
this sense we have therefore obtained a novel quantum-mechanical interferometer which 
is experimentally feasible. In our numerical examples we have used physical parameters 



from some recent experiments ||2^, 0. but extrapolated the atom transit time t to rather 
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large values of gt. It is, of course, an experimental challenge to obtain a one-atom source 
and atomic life-times of the atomic states involved such that these large values of gt can 
be reached. 
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APPENDIX 

In order to derive the equations of motion in a convenient form, we notice the following 
useful relations 

a*\ij^)= U./^±V^)\ijUi)+ ^(V^Tv/^)|^;+i) , (A.l) 



and 



from which we derive 

aH^^) = (^+^)l^^)-^l^„^)- (A.3) 

Using the definition Eq. (0) we then find the following exact differential equations of the 
diagonal elements of Eq. (H) 

1, 



+r_,„+i(^j^i|iy(t)|^j^i) -{n + -){^i\w{t)\^^) 



1 

+ 4 



g-2igtvM+T/^/,+ | 



1 r 
+ 4 



^^^*v^(^+|iy(t)|^;:) -e-2^^*^^(V^+_i|W(t)|C-i) + C.C.] } , (A.4) 
for n > 1 and 
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+2Kn,{ {iJo\W{t)\i:o)-S{i^^\W{t)\i:^) + ^[e-''^'{i:^\W{t)\ij^) + c.c] } . 

(A.5) 

A dot denotes differentiation with respect to the time variable t. With the same procedure 
as above, we also find for n > 1 the equation 

i^l^^lWm^) = -2Kin, + 1) { (n + l){^l^i\WitM^) 



±2igty/n+l 



-r_,ne 



as well as 



±2igt[ 



(A.6) 



+r_,e 



±2igt(l+v^)/„,,T| 



±243* 



(A.7) 



Here we have made use of the notation 



±,n 



(A. 



With regard to the time-scale 1/k of cavity damping, the exponential functions in Eqs.( |A.^) - 
( |A.5|) and Eqs.( |A.6D -( |A.7D will vary rapidly and can therefore be neglected provided k g, 
which we assume to be valid. 
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